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Abstrat
We demonstrate that by employing the orrespondene between gauge theories in geometri
and in deonstruted extra dimensions, it is possible to transfer the methods for alulating
nite Casimir energy densities in higher dimensions to the four-dimensional deonstrution
setup. By this means, one obtains an unambiguous and well-dened presription to deter-
mine nite vauum energy ontributions of four-dimensional quantum elds whih have a
higher-dimensional orrespondene. Thereby, large kink masses lead to an exponentially
suppressed Casimir eet. For a spei model, we hene arrive at a small and positive
ontribution to the osmologial onstant in agreement with observations.
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1 Introdution
The idea of Kaluza-Klein (KK) ompatiation [1℄ of extra spatial dimensions oers the
attrative possibility to obtain realisti four-dimensional (4D) gauge theories from a simpler
higher-dimensional setup [2℄. In this approah, the 4D theory whih emerges after dimen-
sional redution is generally haraterized by a tower of KK modes [3℄. Here, the maximum
number of KK modes is restrited by an ultraviolet (UV) uto whih reets the fat that
non-Abelian gauge theories in higher dimensions are non-renormalizable. Although this
leads below the uto to a renormalizable eetive 4D theory, the full higher-dimensional
gauge-invariane is in general lost. Reently, however, a lass of manifestly gauge-invariant
and renormalizable 4D gauge theories has been proposed [4, 5℄ whih reprodue higher-
dimensional physis in their infrared (IR) limit. These deonstruted higher-dimensional
gauge theories
1
use the transverse lattie tehnique [7℄ as a gauge-invariant regulator to
desribe the extra dimensions and an be viewed as viable UV ompletions of theories in
more than four spae-time dimensions [8℄.
One interesting aspet of ompatied extra dimensions is, that quantum elds in suh
a non-trivial spae-time give rise to the Casimir eet [9℄, induing a non-vanishing -
nite vauum energy. The assoiated Casimir fore an be attrative and ontrat the
ompatied extra dimensions to a size whih is suiently small so as to have esaped
experimental detetion so far [10℄. Upon integrating out the extra dimensions, the Casimir
energies have additionally the interesting property that they appear as an eetive osmo-
logial onstant Λ or vauum energy in the 4D subspae. Indeed, reent osmologial and
astrophysial observations [11℄ indiate that the universe is urrently in an aelerating ex-
pansion phase whih is most likely driven by a positive Λ. To be near to the observational
value ρ
obs
∼ 10−47GeV4 of the vauum energy density in the universe, the generation of Λ
via Casimir energies requires a ompatiation radius R/(2π) in the sub-mm range [12℄.
Atually, in the model of Arkani-Hamed, Dimopoulos, and Dvali (ADD) for ompatied
extra dimensions [13℄, the fundamental sale M∗ of quantum gravity may be lowered from
the 4D Plank sale M
Pl
∼ 1019GeV down to the TeV sale, when the ompatiation
radius is of sub-mm size. Suh large extra dimensions may be possible if all Standard
Model (SM) gauge and other degrees of freedom are onned to a 4D subspae, i.e., on a
3-brane, whih an be understood in ertain types of string theory [14℄. Additional SM
singlet elds, on the other hand, an freely propagate in the bulk and give rise to a har-
ateristi mixing pattern with SM elds [15℄. For gravity freely propagating in the bulk,
however, large extra dimensions are already lose to be ruled out by tests of the theory of
gravity [16℄ and supernova emission of KK-gravitons [17℄ whih in total implies that the
ompatiation radius is smaller than 100µm. In most formulations of deonstrution,
on the other hand, gravity is ompletely deoupled. A priori, a deonstruted version of
1
For an early approah in the ontext of innite arrays of gauge theories see, e.g. [6℄
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the ADD-sheme an therefore give a realisti value of Λ via the Casimir eet without
running into onit with the bounds from gravitational physis.
In a at Minkowski world, quantum elds also provide a vauum energy in the form of
innite zero-point energies. Unfortunately, in absene of a harateristi length sale like,
e.g., the ompatiation sale in KK theories, a proedure to alulate a reasonable value
of this energy is not known. Naive estimations using ommon partile physis sales as
uto yield only unrealistially high values for the vauum energy density whih onstitutes
one part of the osmologial onstant problem [18℄. Sine the eetive Lagrangians of KK
modes provided by deonstrution are also dened in Minkowski spae-time, one ould, at
rst instane, expet these theories to suer from similar problems of zero-point energies.
However, in this paper we demonstrate that by insisting on the orrespondene between
gauge theories in geometri and in deonstruted extra dimensions, it is possible to transfer
the methods for alulating nite Casimir energy densities in higher dimensions to the
4D deonstrution setup. By this means, one obtains an unambiguous and well-dened
presription to determine nite vauum energies of 4D quantum elds whih have a higher-
dimensional orrespondene. Here, we propose that the smallness of Λ an be ahieved
by a repliated type-II seesaw mehanism [19, 20℄ whih naturally generates the large
length sale R ∼ 100µm in the deonstruted theory. This has the advantage, that we
need only a small number of KK modes to obtain a realisti Λ, whih is in ontrast to a
naive lattiization of the ADD-sheme, where a short distane uto of order a−1 ∼ 1TeV
would require a rather large number of N = Ra ∼ 1012 lattie sites. In partiular, we
alulate the Casimir energies for elds of dierent spin, whih propagate in a ompatied
lattiized 5th dimension. As a result, we nd that a bulk-Dira partile gives a value for Λ
in agreement with observations. In addition, we show that unwanted ontributions to Λ
from quantum elds with large kink (or bulk) masses are exponentially suppressed and an
hene be negleted.
The paper is organized as follows: First, in Se. 2, we formulate the model for deonstruted
large extra dimensions. Next, we alulate in Se. 3 the Casimir energies of salar (Se. 3.1)
and fermioni (Se. 3.2) bulk elds whih are propagating in a lattiized 5th dimension.
Then, we analyze in Se. 3.4 the exponential suppression of the unwanted Casimir energies
by a kink mass. These results are related to the model of dimensional deonstrution in
Se. 4. In Se. 5, we math the lattie-alulations onto the ontinuum theory. Finally,
in Se. 6, we present our summary and onlusions. Additionally, we minimize in Ap-
pendix A the salar potential involved in deonstrution. Moreover, expliit alulations
for the energy density, pressure, and the renormalization of these quantities are presented
in Appendix B and Appendix C.
3
2 Deonstruting Large Extra Dimensions
In this setion, we present rst the model for deonstruted large extra dimensions. Then,
we disuss the 5D kineti terms for gauge bosons, fermions, and salars before we outline
some phenomenologial features of embedding the deonstruted spae into a disk.
Sub-mm lattie spaings
Let us start with the periodi model for a deonstruted 5D U(1) gauge theory ompatied
on the irle S1 [4,5℄. The setup is dened by an U(1)N = ΠNi=1U(1)i produt gauge group
with N salar link variables Qi (i = 1, . . . , N), where the link eld Qi arries the U(1)-
harges (q,−q) under the neighboring groups U(1)i × U(1)i+1. The identiation i+N =
i establishes the periodiity of the lattie.2 On the ith lattie site, we put one Dira
fermion Ψi and one salar Φi whih arry both the harge −q of the group U(1)i. Here, the
fermions Ψi are SM-singlets and orrespond to a right-handed bulk neutrino in the ADD
sheme [15℄. The orresponding moose [21℄ or quiver [22℄ diagram is shown in Fig. 1.
The Lagrangian of this eld theory an be split into several parts,
L = L
kin
[Φi, Qi] + Lkin[Aµi ] + Lkin[Ψi] + Lmass[Ψi, Qi]− V,
where L
kin
[Aµi ] =
∑N
n=1−14(∂µAnν − ∂νAnµ)2 and Lkin[Ψi] =
∑N
n=1Ψnγµ(∂
µ − ignAµn)Ψn
are the standard kineti terms for the gauge bosons Aµi and the fermions Ψi, respetively.
Here, L
kin
[Φi, Qi] denotes the kineti terms for the salars Φi and Qi, whih provide the
gauge boson masses. Moreover, we ombine the mass and mixing terms involving the
fermions Ψi and the link elds Qi into Lmass[Ψi, Qi].
The most general renormalizable salar potential V onsistent with the symmetries reads
V =
N∑
i=1
[
m2Φ†iΦi +M
2Q†iQi +
1
2
λ1(Φ
†
iΦi)
2 +
1
2
λ2(Q
†
iQi)
2
+λ3Q
†
iQi
N∑
j=1
Φ†jΦj + µΦiQiΦ
†
i+1 + µ
∗Φi+1Q
†
iΦ
†
i
+λ4Φ
†
iΦi
∑
j 6=i
Φ†jΦj + λ5Q
†
iQi
∑
j 6=i
Q†jQj
+λ6QiQi+1ΦiΦ
†
i+2 + λ
∗
6Q
†
i+1Q
†
iΦi+2Φ
†
i
]
, (1)
where λ1, λ2, . . . , λ5 are dimensionless real parameters of order unity and λ6 is a omplex-
valued order unity oeient. In Eq. (1), we an take the dimensionful quantities m and µ
to be of the order of the eletroweak sale |m| , |µ| ≃ 102 GeV and we take the mass M of
2
To aount for twisted quantum elds, we will onsider in Se. 3.1 an anti-periodi lattie with the
ondition i+N = −i.
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Figure 1: View at the sites i, i+1, and i+2 of the moose diagram for a deonstruted large extra
dimension ompatied on S1. Eah irle orresponds to one U(1)i ≡ Gi gauge group
and eah arrow pointing towards (outwards) a irle represents a eld with negative
(positive) harge under this group.
the link elds to be very large, i.e., |M | ≫ |m| , |µ|. Moreover, the square m2 is hosen to
be negative while M2 is positive in order to obtain spontaneous symmetry breaking (SSB).
Note that for a supersymmetri ase, the term λ6 would have to vanish at the renormalizable
level due to the holomorphy of the superpotential and the phase of µ ould be absorbed
into the Yukawa ouplings of the fermions Ψi. In the following, the parameters µ and λ6
are therefore hosen to be real and µ < 0. We minimize the potential by going to the real
basis
Qi = q
a
i + iq
b
i −→
(
qai
qbi
)
, Φi = φ
a
i + iφ
b
i −→
(
φai
φbi
)
, (2)
where we are interested in a minimum of V with the following vauum struture
〈Qi〉 =
(
u
0
)
, 〈Φi〉 =
(
v
0
)
, i = 1, 2, . . . , N, (3)
i.e., all link variables Qi have a real universal vauum expetation value (VEV) u and
all site variables Φi have a real universal VEV v. The onditions for an extremum of
the potential V are ∂V/∂φa,bi = ∂V/∂q
a,b
i = 0, where the expliit forms are given in the
Eqs. (56), (57), (58), and (59) in Appendix A. Requiring ∂V/∂φai = 0 leads for the VEVs
in Eq. (3) to the minimization ondition
m2 + [λ1 + (N − 1)λ4] v2 + (Nλ3 + 1
2
λ6)u
2 + µu = 0, (4)
where 〈∂V/∂φbi 〉 = 0 is automatially fullled for these VEVs. Demanding ∂V/∂qai = 0
yields with Eq. (3) the minimization ondition
u
[
M2 + (λ2 + (N − 1)λ5)u2 + (Nλ3 + 1
2
λ6)v
2
]
+
1
2
µv2 = 0, (5)
5
and 〈∂V/∂qbi 〉 = 0 is again satised for these VEVs. Solving Eq. (4) for v2 and substituting
v2 into Eq. (5), we obtain a ubi equation for u, whih has the real solution
u =
m2µ
2 [λ1 + (N − 1)λ4]M2 +O(M
−4), (6)
where we have expanded for large M . From Eq. (6) we onlude that for large M ≫ v,m
and moderate N , one obtains a naturally small and positive value for u, sine the VEVs of
the link variables are suppressed via the type-II seesaw mehanism
3
[19, 20℄. Furthermore,
from the Eqs. (4) and (6), one nds
v2 =
−m2
λ1 + (N − 1)λ4 +O(M
−2). (7)
Choosing the masses of the link elds in the range M ≃ 108 . . . 109 GeV, we therefore
obtain v ≃ 102 GeV and a seesaw suppressed value u ≃ 10−1 . . . 10−3 eV of the inverse
lattie spaing whih orresponds to a sub-mm separation of the lattie sites.
Kineti and mass terms
The mass spetrum of the gauge bosons Aiµ arises via the Higgs mehanism from the kineti
terms of the salars Φi and Qi:
L
kin
[Φi, Qi] =
N∑
i=1
[
(DµΦi)
†DµΦi + (DµQi)
†DµQi
]
=
N∑
i=1
|(∂µ + igiAiµ)Φi|2 +
∣∣(∂µ + igiAiµ − igi+1A(i+1)µ)Qi∣∣2 . (8)
Let us now examine in some more detail how L
kin
[Φi, Qi] reprodues a 5D U(1) gauge theory
ompatied on S1. For this purpose, we denote by (xµ, y) the bulk oordinates and by A5
the 5th omponent of the bulk U(1) gauge group. When the elds Qn are interpreted as
the Higgs links
4
Qn =
u√
2gn
exp
(
ign
∫ a(n+1)
an
dy A5(x
µ, y)
)
=
u√
2gn
exp(ignaAn5), (9)
where a is the spaing between neighboring branes, we observe that
∑N
i=1(DµQi)
†DµQi
beomes a lattie approximation of the 5D gauge kineti term
1
a
N∑
i=1
(DµQi)
†DµQi −→ −1
4
∫ R
0
dy (∂µA5 − ∂5Aµ)2, R = Na.
3
The hierarhy m,µ ≪ M is part of this mehanism. Therefore stability against quantum orretions is
ahieved as long as the seesaw type-II mehanism is operative.
4
For a detailed disussion of deonstruted 5D QED see, e.g., Ref. [23℄.
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Atually, in the non-linear sigma model approximation, Qn an be written as
Qn =
u√
2gn
exp(ignπn(x
µ)/u), (10)
where πn(x
µ) is the Nambu-Goldstone boson eld assoiated with Qn. Comparison with
Eq. (9) shows that the eetive physial degrees of freedom of the non-linear sigma model
eld in Eq. (10) are ompletely aptured by the gauge boson and (pseudo) Nambu-Goldstone
boson setors. For universal gauge ouplings gi = g, we obtain from the last line in Eq. (8)
the gauge boson mass terms
g2
N∑
i=1
[
v2AiµA
µ
i + u
2(Aiµ − A(i+1)µ)2
]
, (11)
where the VEVs v = 〈Φi〉 and u = 〈Qi〉 have already been inserted. After diagonalization,
the mass eigenvalues Mn of the gauge bosons read
M2n = g
2v2 + 2g2u2
(
1− cos 2π n
N
)
, n = 1, . . . , N. (12)
This spetrum an be interpreted as follows: For n ≪ N or |n−N | ≪ N the link elds
generate a linear KK spetrum ∼ n/R = ngu/N with an overall mass sale u ∼ 10−2 eV.
The elds Φi provide in addition for the gauge bosons a onstant kink mass
5
of the order v ∼
102GeV. In Se. 3.4, we will show that this omparably large kink mass suppresses the
resulting Casimir energy, whih would, for bosoni elds, imply a negative osmologial
onstant.
The Lagrangian L
mass
[Ψi, Qi] ontains terms of the type Q
†
iΨiLΨ(i+1)R + h.. whih give
after SSB fermion masses of order u. In our 4D model, a naive transverse lattie of the
5D U(1) theory for a bulk fermion is easily aommodated by taking the mass and mixing
terms to be
L
mass
[Ψi, Qi] =
u
2
·
N∑
n=1
ΨnL
[
Q†n
u
Ψ(n+1)R − Qn−1
u
Ψ(n−1)R
]
+ h.., (13)
whih represents the kineti term of the fermion in the 5th dimension
6
. In the IR, the
Lagrangian in Eq. (13) generates idential KK towers for the left- and right-handed states
with masses in the sub-eV range. The exat form of the KK mass spetra of the fermions
will be alulated in Se. 4, where the kineti term will also be modied to ope with the
fermion doubling problem, whih ours in the naive treatment of the fermions. As a result
of the small inverse lattie spaing u, we will show in Se. 3.2 that the fermioni Casimir
energy indues a small positive osmologial onstant for small N .
5
For deonstruted supersymmetri gauge theories the wave funtion prole has been analyzed in Ref. [24℄.
6
An expliit fermion mass term an be forbidden by an appropriate disrete symmetry, see Se. 4.
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It is also possible to interpret the set of salars Φi as one 5D massive salar on a transverse
lattie. The orresponding deonstrution Lagrangian reads
L =
N∑
i=1
[
(DµΦi)
2 + (m2 +M2b ) |Φi|2 + λ1 |Φi|4
− M2b
(
1
2
|Φi|2 + 1
2
|Φi+1|2 − ΦiQi
u
Φ†i+1 + h..
)]
, (14)
where the terms in the last line mimi in the IR the eets of−∑Ni=1M2b |Φi −QiΦi+1/u|2 →∫ R
0
dy (D5Φ)
2
. Here, the saleM
b
denes the lattie spaing in the 5th dimension and theQi
are taken as link elds. Choosing M2
b
= µu ∼ (104 − 105 eV)2, we reover similar terms
as in the potential V in Eq. (1). The resulting KK mass spetrum orresponds to the one
for the gauge bosons in Eq. (12), but with a ompatiation sale of the order M
b
and a
onstant kink mass m ∼ 102GeV. The latter one is large enough to signiantly suppress
the Casimir eet for the elds Φi in a manner similar to the gauge bosons. Note that the
terms in V with oeients λ3, λ5, and λ6 an be negleted with respet to the expression
in Eq. (14), sine they beome ∼ u2v2. Furthermore, the term with oeient λ4 must be
forbidden when requiring for the elds Φi only loal interations. In suh a ase, Eq. (14)
desribes very well all salar interations in V whih involve the elds Φi. Note again, that
(at the renormalizable level) in a supersymmetri ase λ4 = 0 due to the holomorphy of
the superpotential.
Embedding into a disk
So far, we have viewed the elds Φi as salar site variables. The potential V , however,
possesses a global symmetry whih allows to interpret the elds Φi also as link variables
by gauging the symmetry. In fat, we an embed the lattiized 5th dimension into a disk
by adding one further U(1) gauge group U(1)0 under whih all salars Φi (i = 1, . . . , N)
arry the same harge +1 while the link elds Qi and the fermions Ψi are all singlets
under U(1)0. The moose diagram for these symmetries is shown in Fig. 2 where the extra
gauge group U(1)0 has been plaed in the enter of a disk whose boundary is the lattiized
irle disussed above. Obviously, the addition of the U(1)0 group has promoted the salar
site variables from the previous model to link elds, sine eah Φi is now harged as (+1,−1)
under the produt group U(1)0 × U(1)i. Topologial properties of this lattie geometry
have been analyzed in Ref. [25℄ and its relation to the doublet-triplet splitting problem
was addressed in Ref. [26℄. It is important to note, that the extra gauge group U(1)0 does
not aet the salar potential V and hene the repliated type-II seesaw mehanism whih
ensures the smallness of the VEVs u = 〈Qi〉 ∼ 10−2 eV remains unaltered. Choosing the
gauge oupling of U(1)0 to be equal to the other U(1)i gauge ouplings g, the Lagrangian
8
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Figure 1: Moose diagram obtained from the lattiized irle by adding one further gauge group
U(1)
0
in the enter. Eah salar 
i
arries the harge +1 under U(1)
0
and thus onnets as a
link eld the groups U(1)
0
and U(1)
i
.
Figure 2: Moose diagram obtained from the lattiized irle by adding one further gauge
group U(1)0 to the enter. Eah salar Φi arries the harge +1 under U(1)0 and
thus onnets as a link eld the groups U(1)0 and U(1)i.
generating the gauge boson masses an be written as
L[Φi, Qi] =
N∑
i=1
|(∂u − igA0µ + igAiµ) Φi|2 + |(∂µ + igAiµ − igA(i+1)µ)Qi|2.
In the basis (Aµ0 , A
µ
N , A
µ
1 , A
µ
2 , . . . , A
µ
N−1), the (N+1)×(N+1) gauge boson mass matrixM2
takes the form
M2 = g2v2


N −1 −1 −1 · · ·
−1 1 0 0 · · ·
−1 0 1 0 · · ·
−1 0 0 1 · · ·
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

+ g
2u2


0 0 0 0 · · ·
0 2 −1 0 · · ·
0 −1 2 −1 · · ·
0 0 −1 2 · · ·
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

 ,
where the bottom-right N × N submatrix of M2 is just the gauge boson mass matrix
in Eq. (11). Therefore, the mass eigenstates A˜µn (n = 1, . . . , N) of this submatrix have
massesMn as in Eq. (12). Hene,M
2
an be brought to diagonal form in two steps. First, we
diagonalize the down-rightN×N submatrix whih gives in the basis (Aµ0 , A˜µN , A˜µ1 , A˜µ2 , . . . , A˜µN−1)
a matrix of the struture
M2 → g2v2


N −√N 0 0 · · ·
−√N 0 0 0 · · ·
0 0 0 0 · · ·
0 0 0 0 · · ·
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

+


0 0 0 0 · · ·
0 M2N 0 0 · · ·
0 0 M21 0 · · ·
0 0 0 M22 · · ·
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.

 .
We therefore see, that the rotation in the N×N sub-spae has almost diagonalized the total
mass matrix. Next, the diagonalization of M2 is ompleted by a rotation in the (Aµ0 , A˜
µ
N)
subspae an angle θ = arctan[1
2
(
√
4 + (N − 1)2/N − (N − 1)/√N)]. From this we observe,
that A˜µ1 , A˜
µ
2 , . . . , A˜
µ
N−1 are mass eigenstates of M
2
sine the mixing of these states with Aµ0
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is zero. In other words, A˜µ1 , A˜
µ
2 , . . . , A˜
µ
N−1 are exatly loalized on the boundary of the
disk. The remaining two gauge boson mass eigenstates of M2 are linear ombinations
of Aµ0 and A˜
µ
N whih are parameterized by the mixing angle θ. In onguration spae, the
wave funtion proles of these mass eigenstates read 1/
√
N(N + 1) · (N,−1,−1, . . . ,−1),
whih has mass gv
√
N + 1, and 1/
√
N + 1 · (1, 1, . . . , 1), whih is a zero mode. Obviously,
the former massive state is primarily omposed of Aµ0 and beomes arbitrarily well loated
on the site in the enter for N ≫ 1. Correspondingly, the at distribution of the zero
mode over the disk shows that the admixture of Aµ0 to the zero mode vanishes in the
limit N → ∞. Indeed, for large N the mixing angle is approximately θ ∼ √N/(N − 1)
and the eld Aµ0 deouples from the rest of the gauge bosons suh that we eetively
reover on the boundary of the disk a deonstruted 5D U(1) gauge theory as above. Note
that in V , eah tri-linear term ∝ µΦiQiΦ†i+1 orresponds in Fig. 2 to a small triangle and
is therefore interpreted as a gauge-invariant plaquette term with trivial holonomy in the
lowest energy state. The system with real VEVs as in Eq. (3) is gauge-equivalent with a
vauum struture
〈Qn〉 = u · ei2π/N , 〈Φn〉 = v · ei2πn/N , n = 1, . . . , N,
whih maintains an equivalene between the links on the boundary under a rotation of the
disk by an angle 2π/N . This rotation yields a representation of the fundamental group of
the boundary, whih is ZN [26℄.
3 Casimir Energies and the Cosmologial Constant
The Casimir eet is a notable exeption from the normal ordering proedure in quantum
eld theories. It ours when quantum elds have to obey ertain boundary onditions,
e.g., the eletri omponent of the photon eld, restrited between two parallel onduting
plates, has to vanish on the plates. This auses a geometry dependent vauum energy
density induing a fore on the plates. Therefore, the Casimir eet is a marosopi
quantum phenomenon, whih is experimentally well established [27℄. For a reent review
of the eet and its appliations see, e.g., Ref. [28℄.
It has been pointed out, that the Casimir eet is also relevant in higher-dimensional
theories [10℄, where the bulk elds are subjet to boundary onditions assoiated with a
non-trivial spae-time topology. To establish ontat with the disussion in Se. 2, let us
from now on restrit our onsiderations mainly to the Casimir eet in a 5D U(1) gauge
theory ompatied on the irle S1 with irumferene R. After integrating out the extra
dimension, the number of KK modes for eah bulk eld is typially given by N ∼ M∗R/2π.
In the eetive 4D desription, eah mode ontributes, upon quantization, a divergent
amount of zero-point energy to the total vauum energy density, whih has the form of
a osmologial onstant. Even for quantum elds in at Minkowski spae-time, there are
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always suh ontributions, whih are usually disarded by normal-ordering. These divergent
terms arise as VEVs of the Hamiltonian density H, whih an be written as an integral over
the energy ω(p) of a eld mode with momentum p and mass M , i.e., 〈H〉 ∝ ∫ d3p · ω(p)
with ω2 = ~p 2 +M2. In the eetive 4D desription of the extra-dimensional theory, the
total energy density of the N KK eld modes an then be brought into the form
ρ ∝
N∑
n=1
∫
d
3p ·
√
~p 2 +M2 + f(n),
where the funtion f(n) depends onN ,R, and the spin of the elds. Without any knowledge
of the 5th dimension, it would not be lear how to put these UV divergent expressions in
a sensible (nite) form. However, sine we an interpret the KK tower in terms of an
underlying higher-dimensional theory with ertain boundary onditions, the 5D Casimir
eet provides a well-known proedure to handle these UV divergenes in four dimensions.
With this, one obtains an unambiguous nite expression for the vauum energy.
Sine the UV divergenes are all subtrated in the renormalization program, Casimir en-
ergies an be regarded as an IR eet whih is insensitive to the UV details of the theory.
We hene expet essentially similar Casimir energies to emerge in a lass of models whih
have idential 5D physis as an IR limit but may dier signiantly in the UV. In this
setion, we shall examine this aspet more properly by onsidering the Casimir eet for
a 5D theory whih is treated in the UV as a transverse lattie for the extra dimension.
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In this framework, we will hene be working in a total manifold with topology M× S1
lat
,
whereM is the (ontinuous) Minkowski spae and S1
lat
denotes the lattiized 5th dimension
ompatied on the irle.
In Se. 3.1, we rst disuss the possible eld ongurations inM×S1 before we determine
the Casimir energy for a real 5D salar eld φ and alulate the eetive osmologial
onstant in the transverse lattie. The results for other bosoni elds dier at most by
a simple fator, taking into aount the degrees of freedom, e.g., one massive vetor eld
ounts as 3 real salars. Next, in Se. 3.2, we will perform the analogial alulation for
Dira fermions. Finally, we briey summarize in Se. 3.3 our results for massless elds, and
in Se. 3.4 we disuss the eet of a kink mass term.
3.1 The Casimir eet for salar elds
At the quantum level, global properties of non-trivial spae-time topology may be probed
by the Casimir eet whih is sensitive to the IR struture of a theory. In this ontext, the
existene of inequivalent eld ongurations assoiated with the dierent boundary ondi-
tions in the spae-time manifold is of speial interest. The impat of boundary onditions
7
For a related disussion of vauum energy in a multi-graviton theory see Ref. [29℄.
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on the Casimir energies of elds propagating in a non-trivial spae-time beomes already
evident for the simple example of a 5D theory with topologyM×S1. For this ase, let us
now desribe the possible eld ongurations in the language of orbifolds
8
. To this end, we
onsider a 5D salar eld φ dened on the simply onneted manifoldM× R1, where the
real line R1 is desribed by the oordinate y. We assume that R1 and the eld φ are both
subjet to a disrete symmetry group K. Here, we atually take K = Z, the additive group
of integers. The group K ats on R1 as K : y → y +m · R, where m ∈ K and R is some
nite displaement, while the ation of K on φ is K : φ → D(m)φ, where D(m) is some
(matrix) representation ofK. Now, one an orbifold the theory by requiring the eld φ to be
invariant under both these ations. Then, the equivalene relation y ∼ y+R imposed by K
on R1 onstrains the true physial spae to be the smooth9 manifoldM×R1/Z =M×S1,
where the irle S1 has the irumferene R. For the simple ase of a real eld φ, we an
take the matries D(m), m ∈ K to form a representation of GL(1,R) ∼ O(1,R) whih
is just the group Z2 = {+1,−1}. As a result, φ(y = 0) and φ(y = R) are only equal
up to a sign, whih an also be understood in the ontext of bre bundle theory. In this
framework [31℄, the eld φ is interpreted as a ross setion10 of a vetor bundle, where
the bre is a real line R. Then we have two possibilities to attah the bre on the base
spae M× S1. The rst one orresponds to forming a produt bundle of the base spae
and the real line, implying a ylinder-like struture and thus periodi boundary onditions
for the eld, φ(y + R) = φ(y). On the other hand, one an form a non-produt bundle by
twisting the bres whih yields a Möbius band and therefore, φ, as a ross setion, obeys
anti-periodi boundary onditions
φ(y +mR) = (−1)mφ(y), m ∈ Z,
beause one must yle twie through the irle S1 to ompletely traverse the Möbius band.
In the latter ase, the eld φ is alled a twisted eld, whereas ross setions through the
produt bundle are untwisted elds. Loally, both bundle types have the same produt
struture, but globally they dier signiantly. These two bundles are the only ones that
an be formed by gluing together two trivial real vetor bundles. They represent the two
possibilities of mathing the vetor bundles by transition funtions, whih are the elements
of the struture group, in our ase Z2, that ats on the bre R
1
. Sine untwisted and twisted
bundles provide inequivalent ross setions, they yield inequivalent degrees of freedom of
the eld φ, whih must be onsidered in the Casimir eet.
Turning to the alulation of Casimir energies, we will rst treat the ompatied extra
dimension to be ontinuous, before we examine the lattie desription. As above, the
position in the extra-dimensional spae is desribed by the spatial oordinate y and the
orresponding momentum is alled q. For a real bulk-salar φ in the at manifoldM×S1,
8
We follow here the treatment of Ref. [30℄.
9
This is a result of K ating freely, i.e., K has no xed points in R1.
10
A ross setion of a bundle assigns to eah point in the base spae a vetor in the bre over that point.
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it is sensible to use the plane wave Ansatz
φ(t, ~x, y) = A · exp(iωt− i~p~x− iqy), (15)
where A is a normalization fator. As disussed previously, the untwisted eld onguration
is xed by periodi boundary onditions,
φ(y +R) = φ(y) =⇒ e−iqR = 1,
implying a disrete momentum spetrum:
q = 2π
n
R
, n ∈ Z. (16)
For twisted elds we use anti-periodi boundary onditions
φ(y +mR) = (−1)mφ(y), m ∈ Z =⇒ e−iqR = −1,
whih yield the disrete momentum spetrum
q = 2π
(n− 1
2
)
R
, n ∈ Z. (17)
Sine this is the only dierene whih is relevant for the following alulations, we will work
with untwisted elds and replae n by n− 1/2 when needed.
Disretization
Taking the lattiized nature of the 5th dimension into aount, the disretization of the
irle S1 also fores the oordinate y to be disrete. Assuming N lattie sites with a
universal lattie spaing a, the irumferene of the 5th dimension is given by R = Na,
and the position y of eah site an be desribed by a oordinate index j,
y = a · j, j = 1, . . . , N. (18)
From the standard denition for a derivative in the ontinuum,
∂φ
∂y
(y) = lim
a→0
φ(y + a)− φ(y)
a
,
follows the disrete forward and bakward dierene operators ∂5φ and (∂5φ)
†
:
∂φ
∂y
−→ (∂5φ) := a−1(φ(j + 1)− φ(j)),
(
∂φ
∂y
)†
−→ (∂5φ)† := a−1(φ(j)− φ(j − 1)).
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By inserting the Ansatz (15) for φ we nd
∂5φ = a
−1(e−iqa − 1)φ, (∂5φ)† = a−1(1− eiqa)φ,
and
∂†5∂5φ = −2a−2(1− cos qa)φ.
The Klein-Gordon equation for a real 5D salar eld φ with mass M
s
reads[
∂2
∂t2
−∇2 − ∂†5∂5 +M2s
]
φ = 0,
and determines the energy ω of a eld mode with the momenta ~p and q:
ω2 = ~p 2 +m2, m2 := 2a−2(1− cos qa) +M2
s
.
The 5D energy-momentum tensor of the real salar eld φ has the form
TAB = (φ,A)
†(φ,B)− 1
2
gABg
CD(φ,C)
†(φ,D) +
1
2
gABM
2
s
φ†φ, (19)
where A,B,C, . . . are 5D oordinate indies. Here, A = 0 is the time-like index, A = 1, 2, 3
are spatial indies, orresponding to the unompatied 3-spae, and A = 5 haraterizes
the extra spatial dimension. The 5D energy density ρ5 is the 00-omponent of TAB:
ρ5 = T00 =
1
2
(∂0φ)
†(∂0φ) +
1
2
(∇φ)†(∇φ) + 1
2
(∂5φ)
†(∂5φ) +
1
2
M2
s
φ†φ. (20)
By averaging over all diretions of the isotropi 3-spae, we obtain the pressure p5 of the
salar eld φ:
p5 =
1
3
3∑
i=1
Tii =
1
3
[
(∇φ)†(∇φ) + 1
2
(∂0φ)
†(∂0φ)− 1
2
(∇φ)†(∇φ)− 1
2
(∂5φ)
†(∂5φ)− 1
2
M2
s
φ†φ
]
.
(21)
The (anonial) quantization of the eld φ leads to the eld operator
φˆ(t, ~x, y) =
√
V3
∫
d
3p
N∑
n=1
(
φ(~p, n)a~p,n + φ
†(~p, n)a†~p,n
)
, (22)
where ap,n and a
†
p,n obey the bosoni ommutator relations
[a~p,n, a
†
~p ′,n′] = V
−1
3 δ(~p− ~p ′)δnn′ , [a, a] = [a†, a†] = 0.
The energy-momentum operator TˆAB is obtained by replaing φ in Eq. (19) by the eld
operator φˆ. After some alulation (see Appendix B), we arrive at the energy density ρ5
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and the pressure p5 of the 5D quantized eld φ,
ρ5 = 〈0| Tˆ00 |0〉 = 1
2(2π)3R
∫
d
3p
N∑
n=1
ω, (23)
p5 =
1
3
3∑
i=1
〈0| Tˆii |0〉 = 1
2(2π)3R
∫
d
3p
N∑
n=1
~p 2
3ω
. (24)
Regularization
The momentum integral
∫
d
3p = 4π
∫∞
0
dp · p2 in Eqs. (23) and (24) and thus ρ5 and p5 are
divergent. We introdue therefore a regularization to obtain meaningful, nite expressions.
Consider rst Eq. (23). Introduing an exponential suppression fator e−(dp)
2
as regulator
funtion for d > 0, we have∫
dp · p2ω −→
∫ ∞
0
dp · p2ωe−(dp)2
=
1
4
m2d−2e
1
2
(dm)2K1
(
1
2
d2m2
)
=
1
2
d−4 +
1
4
m2d−2 +
1
8
m4
(
1
4
+
1
2
γ − ln 2 + ln(dm)
)
+O(d6m6), (25)
where Kn(x) is the modied Bessel funtion of the seond kind of the order n and γ =
0, 577 . . . is the Euler-Masheroni onstant. The limit d → 0 removes the regulator and
reovers the divergene. Before taking that limit, a renormalization has to be arried
out to remove the potentially divergent terms. Alternatively to the exponential regulator
funtion in Eq. (25), one an also apply dimensional regularization by moving to n spae-
time dimensions. To be spei,∫
d
3p · ω −→ µ(4−n)S(n− 1) ·
∫ ∞
0
dp · p(n−2) · ω
= −1
2
m4
( µ
m
)(4−n)
π(n/2−1)Γ
(
−n
2
)
n→4
= (4π)
1
8
m4
[
(n− 4)−1 + 1
2
γ + ln
(
m
µ
)
+O(n− 4)
]
n→4
,
where the arbitrary energy sale µ has been introdued to keep the dimension of the whole
term onstant, and S(n) is the surfae area of an n-ball.
For a urved bakground spae-time [32℄, one would deompose ρ into a divergent and
a nite term, so that the former one has the form of a osmologial term in Einsteinss
equations. Then the divergenes would be absorbed into renormalized oupling onstants
(like Λ), and the nite remainder is alled the renormalized energy density or, in our
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ase, the Casimir energy density. Here, suh a general treatment is not neessary beause
the divergene also arises in at spae-time, like our M × S1-manifold, but there are
neither osmologial terms nor Einsteins equations. In order to get rid of the divergene,
one simply subtrats the orresponding part of the energy density of the same eld in a
Minkowski-like spae-time with the same dimensions, i.e., M× R1 in our ase. This kind
of renormalization works beause the 5D Minkowski spae suers from the same divergene
as the M×S1 spae-time but exhibits no Casimir eet.
Before disussing the details of the renormalization proess, we determine the regularized
form of the pressure p of the 5D quantized eld φ. The regularization with the exponential
suppression fator with d > 0 goes along the same lines as above:∫
dp · p2 p
2
ω
−→
∫ ∞
0
dp · p2p
2
ω
e−(dp)
2
=
1
4
m2d−2e
1
2
(dm)2
(
d2m2K0
(
1
2
d2m2
)
+ (1− d2m2)K1
(
1
2
d2m2
))
=
1
2
d−4 − 1
4
m2d−2 − 3
8
m4
(
7
12
+
γ
2
− ln 2 + ln(dm)
)
+O(d6m6).(26)
Notie that when keeping in in Eqs. (25) and (26) only terms proportional to m4 lnm,
we obtain an equation of state p = −ρ of a osmologial onstant. As we will see next,
the alulation of the Casimir eet on the lattie indeed involves for d → 0 an exat
elimination of all terms whih are dierent from m4 lnm thus leaving a nite ontribution
to the osmologial onstant.
Renormalization
The disrete mode sums for the energy density and pressure in Eqs. (23) and (24) are a
result of imposing the periodi or anti-periodi boundary onditions on the lattie salar.
For a quantized salar eld φˆ whih lives on the lattie in the same volume of spae (with
length R in the fth dimension) and whih does not obey suh boundary onditions, the
energy density and pressure an be written as
ρ5 =
1
2(2π)3R
∫
d
3p · R
∫ 2π/a
0
dq
2π
ω =
1
2(2π)3R
∫
d
3p ·N
∫ 1
0
ds · ω, (27)
p5 =
1
2(2π)3R
∫
d
3p · R
∫ 2π/a
0
dq
2π
~p 2
3ω
=
1
2(2π)3R
∫
d
3p ·N
∫ 1
0
ds
~p 2
3ω
, (28)
where ω2 = ~p 2 + 2a−2(1 − cos qa) +M2
s
. In Appendix C, it is expliitly shown how these
mode integrals orrespond to the unompatied lattiized spae. To alulate the Casimir
energy density in M× S1
lat
, we subtrat from the energy density (23) of the eld subjet
to the boundary onditions the orresponding energy density (27) of the eld without
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boundary onditions, whih gives the renormalized energy density
ρ5 =
1
2(2π)3R
∫
d
3p
[
N∑
n=1
ω −N
∫ 1
0
dsω
]
=
1
2(2π)3R
· 4π
8
[
N∑
n=1
m4 lnm−N ·
∫ 1
0
ds ·m4 lnm
]
= +R−5S1(N), (untwisted) (29)
where m2 = 2a−2(1− cos qa) +M2
s
and where we have introdued the funtion
S1(N) :=
1
4(2π)2
N4 ·
[
N∑
n=1
(
1− cos 2π n
N
+
1
2
a2M2
s
)2
ln
(
1− cos 2π n
N
+
1
2
a2M2
s
)
− N ·
∫ 1
0
ds ·
(
1− cos 2πs+ 1
2
a2M2
s
)2
ln
(
1− cos 2πs+ 1
2
a2M2
s
)]
. (30)
In Eq. (29) we have rst regulated the expressions with the exponential regulator method in
Eq. (25) before applying the relations as given in Appendix C to exatly subtrat for d→ 0
all terms of the type
1
2
d−4 +
1
4
m2d−2 +
1
8
m4
(
1
4
+
1
2
γ − ln 2 + ln(d)
)
+O(d6m6).
For the renormalized pressure of the quantized eld, we apply the orresponding subtration
as in Eq. (29), i.e.,
p5 =
1
2(2π)3R
∫
d
3p
[
N∑
n=1
~p 2
3ω
−N
∫ 1
0
ds
~p 2
3ω
]
=
−1
2(2π)3R
· 4π
8
[
N∑
n=1
m4 lnm−N ·
∫ 1
0
ds ·m4 lnm
]
= −R−5S1(N), (untwisted) (31)
where we again regulated the divergent expressions following Eq. (26) and then exatly
subtrated for d→ 0 all terms of the form
1
2
d−4 − 1
4
m2d−2 − 3
8
m4
(
7
12
+
1
2
γ − ln 2 + ln(d)
)
+O(d6m6).
Comparision of Eqs. (29) and (31) shows that the renormalized nite values of ρ5 and p5
obey an equation of state p = −ρ whih is that of a osmologial onstant and hene, the
renormalization preedure arried out here atually amounts to a renormalization of the
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eetive osmologial onstant in the 4D subspae. As a matter of fat, it is suient
to restrit in the following our onsiderations to the vauum energy density alone with
orresponding statements for the pressure implied.
In the limit N →∞ andM
s
= 0, the funtion S1(N) onverges to the value of a ontinuous
5th dimension:
lim
N→∞
S1(N) = − 1
4(2π)2
3ζ(5) · 4.
By integrating out the 5th dimension, we obtain the 4D energy density
ρ4 =
∫ R
0
dr · ρ5 = R · ρ5 = − 3ζ(5)
(2π)2R4
=
1
R4
· (−0, 0787970 . . . ). (untwisted) (32)
In the ase of a twisted salar eld everything is like above, but the energy density reads ρ5 =
+R−5S2(N), where S2(N) is the funtion S1(N) with n replaed by n − 12 . For massless
elds (M
s
= 0) we obtain in the ontinuum limit
lim
N→∞
S2(N) = +
1
4(2π)2
3ζ(5) · (4− 1
4
),
and after integrating out the 5th dimension the 4D energy density reads
ρ4 = R · ρ5 = +15
16
· 3ζ(5)
(2π)2R4
=
1
R4
· (+0, 0738722 . . . ). (twisted) (33)
Obviously, untwisted and twisted elds provide energy densities ρ4 of dierent sign. Note
that the values for ρ4 in Eqs. (32) and (33) agree with the results in Refs. [33, 34℄.
3.2 The Casimir eet for fermions
In analogy with the treatment of salar elds in Se. 3.1, we will now alulate the Casimir
energy density of Dira fermions. Therefore, a plane wave Ansatz for Dira spinor elds Ψ
in the M×S1 manifold is a onvenient hoie, too:
Ψ = ψ exp(iωt− i~p~x− iqy). (34)
The boundary onditions, assoiated with the ompatied S1-dimension, provide the dis-
rete momentum spetra. For twisted and untwisted elds we have q = 2π(n − 1
2
)/(aN)
and q = 2πn/(aN), respetively. Like in Eq. (18) the oordinate y orresponding to the
5th dimension is disrete, y = a · j, where j = 1, . . . , N , and implies an upper bound for
the momentum q.
Unlike the Klein-Gordon equation for salars elds, the Dira equation is linear in the
derivatives, and therefore we need a symmetri derivative operator for the disrete y-
oordinate:
∂5Ψ(j) :=
1
2a
(Ψ(j + 1)−Ψ(j − 1)) .
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With the Ansatz (34) we obtain
∂5Ψ(j) =
1
2a
Nu · exp(−iωt + i~p~x) [exp(iqa(j + 1))− exp(iqa(j − 1))]
= Ψ(j) ·
(
+
i
a
sin(qa)
)
,
and together with the 5D Dira equation
11
for a Dira eld with mass M
f
,
(iγA∂A −Mf)Ψ = 0, A = 0, . . . , 3, 5,
the energy-momentum relation is determined to be
ω2 = ~p 2 +m2, m2 := a−2 sin2 qa+M2
f
. (35)
The energy-momentum tensor TAB for the Dira eld Ψ has the form
TAB =
1
4
i[ΨγA∂BΨ+ΨγB∂AΨ− (∂AΨ)γBΨ− (∂BΨ)γAΨ],
and the usual anonial quantization proedure parallels that for salar elds up to replaing
the bosoni ommutator relations by the fermioni anti-ommutator relations, whih give
an overall minus sign in the result. The Dira fermion also has four times the degrees of
freedoms of a real salar, desribing partiles and anti-partiles with two spin states eah. In
total, the energy density ρ5 and pressure p5 of a quantized Dira eld dier from the salar
results of Eqs. (23) and (24) only by a fator of (−4) and in the modied energy-momentum
relation of Eq. (35), i.e.,
ρ5 = − 2
(2π)3R
N∑
n=1
∫
d
3p · ω, (36)
p5 = − 2
(2π)3R
N∑
n=1
∫
d
3p · ~p
2
ω
, (37)
where ω2 = ~p 2 + a−2 sin2 qa +M2
f
. From here on, the regularization and renormalization
proedures are idential to the salar ase in Se. 3.1. This also implies that the equation
of state of the fermioni vauum energy is that of a osmologial onstant, p = −ρ. Thus,
it is suient to give the renormalized energy density in ve dimensions
ρ5 = − 2
(2π)3R
4π
1
8
[
N∑
n=1
m4 lnm−N ·
∫ 1
0
ds ·m4 lnm
]
= +R−5F1(N),
11
A 5th Dira matrix γ5 := iγ5
4D
has to be introdued, where γ5
4D
is the usual γ5 matrix of the 4D Dira
theory [35℄.
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where the funtion F1(N) in the last equation is dened as
F1(N) := − 1
4(2π)2
N4 ·
[
N∑
n=1
(
sin2 2π
n
N
+ a2M2
f
)2
ln
(
sin2 2π
n
N
+ a2M2
f
)
− N ·
∫ 1
0
ds ·
(
sin2 2π
n
N
+ a2M2
f
)2
ln
(
sin2 2π
n
N
+ a2M2
f
)]
, (38)
with R = Na. For the twisted Dira eld we have
ρ5 = R
−5F2(N),
where F2(N) is the funtion F1(N) with n replaed by n− 12 . Unlike the funtions S1,2(N)
for the salar elds, the funtions F1,2(N) for the fermioni elds have two limit points
eah, whih depend on whether the number of lattie sites N is even or odd. For massless
fermions (M
f
= 0) and even N we obtain
lim
N→∞
F1(N) = − 1
4(2π)2
· 3ζ(5) · (−32), (untwisted)
lim
N→∞
F2(N) = − 1
4(2π)2
· 3ζ(5) · (+30). (twisted)
After integrating out the 5th dimension, the 4D Casimir energy densities read
ρ4 =
32 · 3ζ(5)
4(2π)2R4
=
1
R4
· (+0, 630376 . . . ), (untwisted) (39)
ρ4 =
−30 · 3ζ(5)
4(2π)2R4
=
1
R4
· (−0, 590978 . . . ). (twisted) (40)
In the ase of odd N , both funtions have the same limit
lim
N→∞
F1(N) = lim
N→∞
F2(N) =
1
4(2π)2
· 3ζ(5),
ρ4 =
3ζ(5)
4(2π)2R4
=
1
R4
· (+0, 019699 . . . ).
This behavior seems to be an eet of the lattie (odd-even artefat [23℄), sine the analyti
alulation of Se. 5 yields the same values as for even N . We also notie, that the N →∞
limit of the sum of twisted and untwisted results does not depend on whether N is even
or odd. Therefore, it is reasonable to onsider only this sum as a physial quantity. For
nite N , this odd-even artefat is illustrated in Fig. 3. Note again, that the results for ρ4
in Eqs. (39) and (40) are idential with the values in Ref. [33℄.
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Figure 3: Illustration of the odd-even artefat for fermion elds. The ases of odd and even N are
plotted separately, and the irumferene R of the 5th dimension is kept onstant. For
a better representation, we ipped the sign in the results for twisted elds and even N .
The horizontal lines orrespond to the ontinuum values given in Table 1.
3.3 Summary for massless elds
The alulations of Se. 3.1 show that the Casimir eet for a real salar eld in the
transverse lattie spae-time M× S1
lat
indues a negative vauum energy density ρ and
therefore a negative eetive osmologial onstant in the 4D subspae. On the other
hand, the fermioni Dira eld of Se. 3.2 yields a positive ontribution to the osmologial
onstant.
We have already onluded that only the sum of twisted and untwisted elds an be re-
garded as a physial quantity, and we note that its sign is independent ofN . Moreover, for a
onstant irumferene R and small N , the Casimir energy density ρ4(N) in the transverse
lattie setup has already the same order of magnitude as the energy density ρ4(N → ∞)
in the ontinuum limit. Speially, for N & 10 the ontinuum result is approximated at
the few perent level. Even for a number of lattie sites whih is as small as N = 3, the
results dier at most by a fator of 2, whih is learly shown in Fig. 4.
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ρ4R
4
untwisted twisted sum
real salar −1 · (2π)−23ζ(5) +15
16
· (2π)−23ζ(5) − 1
16
· (2π)−23ζ(5)
fermion, N even +8 · (2π)−23ζ(5) −15
2
· (2π)−23ζ(5) +1
2
· (2π)−23ζ(5)
fermion, N odd +1
4
· (2π)−23ζ(5) +1
4
· (2π)−23ζ(5) +1
2
· (2π)−23ζ(5)
Table 1: The Casimir energy density ρ4 multiplied by R
4
for real massless salars and Dira
fermions (M
s,f
= 0) in the limit of an innite number of lattie sites (N →∞).
In the limit N →∞ (Table 1), the results for real salars are the same as in the non-lattie
alulation [33, 34℄, but for the fermions there is an extra fator of 2 in the energy density
of our lattie alulation beause of the fermion doubling phenomenon in lattie theory.
In a alulation for ontinuous dimensions, one usually expets, from ounting degrees of
freedom, that the energy density for Dira fermions is (−4) times the value of real salars.
Up to now, we have investigated the Casimir eet for Dira fermions and real salars
having twisted and untwisted eld ongurations. When passing to a omplex salar eld
whih transforms under a U(1) gauge group there exist only trivial (untwisted) strutures
and therefore the harged salar obeys only periodi boundary onditions. For fermions,
on the other hand, the appearane of twisted eld modes is related to the double overing
map SL(2,C) → SO(3, 1) whih gives rise to inequivalent spin onnetions [31℄. Conse-
quently, even in presene of a simply onneted gauge group like U(1) we still have also
the anti-periodi boundary ondition for the fermions.
3.4 Exponential suppression by a kink mass
So far, we have given results only in the ase of vanishing kink mass (M
s,f
= 0). For massive
ve dimensional elds we observe an approximately exponential suppression of the Casimir
energy. This behavior beomes obvious in the analytial alulation for a ontinuous extra
dimension, whih is given in Se. 5. But it is also ahieved for the lattiized ase of Se. 3,
where in the limit of an innite number of lattie sites (N →∞) we approah the values of
the analytial formulas (51) and (52). To investigate the suppression behavior depending
on the mass M
s,f and the number N , we examine the ratio between the energy density of
elds with mass M
s,f
and that of massless elds. For salar elds this ratio is dened by
S1(MsR) + S2(MsR)
S1(0) + S2(0)
, (41)
where the funtions S1,2(N) are taken from Eq. (30) of Se. 3.1. Analogously, using the
funtions F1,2(N) from Eq. (38) of Se. 3.2, the ratio for fermioni elds reads
F1(MfR) + F2(MfR)
F1(0) + F2(0)
. (42)
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Figure 4: The Casimir energy densities for fermions (upper graph) and real salars (lower graph).
In this plot, R is xed so that the lattie spaing dereases for inreasing N . The dashed
horizontal lines denote the ontinuum limit N →∞, whih has for salars the value − 116
and for fermions +12 .
Both ratios are plotted in Fig. 5 for a range of values of N andM
s,fR. The suppression by a
kink mass is most minimal for smallN . In the ase of N = 3 lattie sites, the orresponding
ratios are given in Table 2.
4 Zero-point Energy in Deonstrution
We will now determine the nite value to the formally innite vauum energies of the 4D
quantum elds in deonstrution. In the non-linear sigma model approximation, deon-
strution yields a transverse lattie desription
12
of the M×S1
lat
spae-time for whih we
have already alulated the Casimir energies of dierent elds speies in Se. 3. Then,
12
The transverse lattie an, in general, respet perturbative unitarity up to energies
√
s & 2piN/R [36℄.
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Figure 5: The ratios in Eqs. (41) and (42) of the Casimir energy density between massive and
massless elds. The values for N →∞ are taken from the analyti formulas in Eqs. (51)
and (52).
M
s,f
R 1 10 100 1000 104 105
Salar 0, 61 1, 5 · 10−4 2, 9 · 10−12 3, 0 · 10−20 3, 0 · 10−28 3, 0 · 10−36
Fermion 0, 74 3, 5 · 10−2 3, 7 · 10−4 3, 8 · 10−6 3, 7 · 10−8 3, 7 · 10−10
Table 2: The exponential suppression fators in Eqs. (41) and (42) of the Casimir energy densities
for N = 3 lattie sites, where M
s,f denotes the kink masses of the quantum elds.
eld inverse lattie spaing a−1 kink mass M MR
salars Φi Mb ∼ 104 − 105 eV m ∼ 102GeV N · 106
gauge bosons Ai u ∼ 10−2 eV v ∼ 102GeV N · 1013
fermions Ψi u ∼ 10−2 eV 0 0
Table 3: The elds whih an be interpreted as KK modes of a 5D eld on a transverse lattie.
The kink mass is denoted byM , and R = Na is the irumferene of S1
lat
with N sites and
a lattie spaing a. For large values of MR the Casimir eet will be highly suppressed,
see Fig. 5 and Table 2.
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by orrespondene with the parent 5D theory, we are in a position to adopt the renor-
malization proedure from the Casimir eet of a 5D quantum eld to renormalize the
divergent vauum energies of the assoiated 4D eetive KK modes in the deonstrution
setup. Speially, in the model of Se. 2, all elds, exept the fermioni ones, have large
kink masses. As a result of Table 3 and Se. 3.4, the Casimir eet is therefore highly
suppressed only for the bosons. Consequently, the fermioni elds Ψi (i = 1, . . . , N) pro-
vide the dominant part to Λ, and their total vauum energy density is given by the sum of
zero-point energies
ρ = − 2
(2π)3
N∑
n=1
∫
d
3p ωn(p), (43)
where the nth eld has a mass Mn and momentum modes with energy
ωn(p) =
√
p2 +M2n .
We will now show that the masses Mn follow exatly the momentum spetrum of the 5D
fermion eld in Eq. (35), implying that the expression in Eq. (43) beomes idential with
the eetive unrenormalized Casimir energy density obtained from Eq. (36). This learly
reets also on a formal level the orrespondene between the deonstruted and the 5D
theory, by whih we an apply the Casimir renormalization tehniques of Se. 3 to the
energy density ρ in Eq. (43). To this end, we onsider rst the kineti term in Eq. (13).
When the link elds Qi aquire universal VEVs u after SSB, Lmass[Ψi, Qi] takes the form
L
mass
[Ψi, Qi]→ u
2
·
N∑
n=1
ΨnL
[
Ψ(n+1)R −Ψ(n−1)R
]
+ h..,
where ΨnL,R =
1
2
(1 ∓ γ5)Ψn are the left- and right-handed hiral omponents of the Dira
spinor Ψn = (ΨnL,ΨnR)
T
. The sum in L
mass
[Ψi, Qi] ontains boundary terms −u2Ψ1LΨ0R
and
u
2
ΨNLΨ(N+1)R, where Ψ0R and Ψ(N+1)R are dened by
ΨmN+1 = T
m ·Ψ1 and Ψ0 = Tm ·ΨmN , m ∈ Z,
where we distinguish between untwisted (T = +1) and twisted (T = −1) fermioni elds.
Note that this is the disretized version of the ontinuum boundary ondition
Ψ(y +mR) = Tm ·Ψ(y), m ∈ Z.
Now, the Lagrangian in matrix form reads
L
mass
[Ψi] =
N∑
n,k=1
ΨnLMnkΨkR + h..,
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where the mass matrix Mnk and its square M
2 = MM † = M †M are expliitly given by
M =
u
2


0 +1 −T
−1 0 +1
.
.
.
.
.
.
.
.
.
−1 0 +1
+T −1 0


, M2 =
u2
4


2 0 −1 −T 0
0 2 0 −1 −T
−1 0 2 0 −1
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
−1 0 2 0 −1
−T −1 0 2 0
0 −T −1 0 2


.
The squared masses m2n of the fermions are found to be the eigenvalues of M
2
. Thus, the
mass spetrum for untwisted elds reads
m2n = u
2 sin2 2π
n
N
, n = 1, . . . , N,
and for the twisted elds we obtain
m2n = u
2 sin2 2π
n− 1
2
N
, n = 1, . . . , N,
whih is onsistent with the results in Ref. [23℄. Note that only for odd N , both spetra
beome idential, whih has already been disussed in the ontext of the odd-even artefat
in Se. 3.3. With these mass spetra the Casimir energy of the fermions is (−8) times the
Casimir energy of a real salar, whereas in a non-lattie alulation the energies dier only
by a fator of (−4) (see Se. 3.3). This omes again from the well known phenomenon of
fermion doubling in lattie theory. One way to remove this problem is to add a Wilson
term [37℄ to L
mass
[Ψi, Qi] in Eq. (13). This then modies the Lagrangian in Eq. (13):
L
mass
= u ·
N∑
n=1
[
ΨnL
(
Q†n
u
Ψ(n+1)R −ΨnR
)
−ΨnR
(
ΨnL − Qn−1
u
Ψ(n−1)L
)]
, (44)
whih, after SSB, yields the mass matrix M . The squared masses m2n of the fermions are
now the eigenvalues of M2:
M = u ·


−1 +1 0
−1 +1
.
.
.
.
.
.
−1 +1
+T −1

 , M
2 = u2 ·


2 −1 −T
−1 2 −1
.
.
.
.
.
.
.
.
.
−1 2 −1
−T −1 2

 ,
For the untwisted elds we get
m2n = 2u
−2
(
1− cos 2π n
N
)
, n = 1 . . .N, (45)
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and for the twisted ones n is replaed by n− 1
2
. These mass spetra are idential with the
mass spetra of real salars and yields the usual (ontinuum) fator (−4) in the vauum
energy density between the two eld speies. The Wilson term suessfully prevented the
fermion doubling. Looking at the above mass spetra, we remark that the spetrum (45) for
salars and Wilson-modied fermions does not ontain a zero mode in the ase of twisted
elds.
The Wilson term in Eq. (44) involves expliit Dira mass terms of the type u ·ΨnLΨnR. Let
us now examine a possibility to generate suh small Dira masses u ∼ 10−2 eV in a natural
way. For this purpose, we assume two extra SM singlet salars Q0 and Φ0, where Q0 has the
large mass M ∼ 108GeV and Φ0 has the mass m ∼ 102GeV. Also, Q0 and Φ0 are singlets
under the produt group U(1)N . Next, we suppose a disrete Z2N symmetry ating on the
elds as follows:
Z2N : Φn → ei2πn/N · Φn, Qn → ei2π/N ·Qn, ΨnL → e−i2π/N ·ΨnL,
Φ0 → eiπ/N · Φ0, Q0 → ei2π/N ·Q0, n = 1, . . . , N
All Yukawa interations of the type ΨnLQ
†
nΨ(n+1)R/u are left unaeted by this symmetry
in the Wilson term whih forbids all expliit mass terms. The only Yukawa interation
whih is, in addition, allowed by the Z2N -symmetry is of the form ΨnLQ
†
0ΨnR, oupling
left- and right-handed states sitting on the same lattie site. Shematially, in presene of
the elds Q0 and Φ0, the potential in Eq. (1) is modied as follows:
V → V +m2Φ†0Φ0 +M2Q†0Q0 +
1
2
λ1(Φ
†
0Φ0)
2 +
1
2
λ2(Q
†
0Q0)
2
+(λ3Q
†
0Q0 + λ4Φ
†
0Φ0)
N∑
j=1
Φ†jΦj + µΦ
†
0Q0Φ
†
0 + µ
∗Φ0Q
†
0Φ0
+(λ3Φ
†
0Φ0 + λ4Q
†
0Q0)
N∑
j=1
Q†jQj , (46)
where λ1, . . . , λ4 are order unity oeients. It is thus seen, that the interations of the
salars Q0 and Φ0 also reprodue the struture of V whih is relevant for the type-II seesaw
mehanism. We therefore expet the mehanism in Se. 2 for generating sub-mm lattie
spaings to be valid (at least qualitatively) also for the modied potential in Eq. (46).
From this we nd, that the hoie m2 < 0 and M2 > 0 leads to VEVs of the orders 〈Φ0〉 ∼
102GeV and 〈Q0〉 ∼ 10−2 eV. We hene onlude, that a small Dira mass u for the
mass terms u · ΨnLΨnR in Eq. (44) an be generated spontaneously from the Yukawa
interation ΨnLQ
†
0ΨnR in a natural way thereby providing an understanding of the mass
sales involved in the Wilson term.
The disussion of mass spetra an be easily repeated for the bosoni elds in the model
as well. Therefore, we identify the physial vauum energies of the elds in the model of
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dimensional deonstrution of Se. 2 with the nite Casimir results of the alulation in
Se. 3. In Table 3 we give the relevant quantities for the vauum energy suppression of the
elds. Consequently, the Casimir energies of the salar and vetor elds an be negleted
due to their large kink masses of order 102GeV. In ontrast to this, the fermioni elds
with KK masses of the order of the small VEV u ∼ 10−2 eV from Eq. (6) indue a positive
ontribution to Λ whih is of the observed order of magnitude already for a small number
of N . 10 lattie sites. Finally, it should be noted that we determined only the vauum
energy ontributions of quantum elds to Λ, not its absolute value.
5 The Casimir Eet in the Continuum
In this setion, the Casimir eet for a ontinuous extra dimension will be investigated
analytially, where we put speial emphasis on the dependene on the mass of the quantum
eld. In the ontinuum ase, there is no dierene in the momentum sums/integrals between
fermions and salars, in both ases the energy funtion ω has the form
ω2 = ~p 2 + q2 +M2
s,f
,
where q = 2πn/R and q = 2π(n + 1
2
)/R for untwisted and twisted elds, respetively.
We also have to onsider negative and unbounded momenta q in the mode sum. So the
unrenormalized energy density is
ρ ∝
∫
d
3p
∞∑
n=−∞
ω.
After the regularization used in Eq. (25) of the
∫
d
3p-integral, the remaining sum over the
disrete ve-momentum q = 2πn/R an be alulated by using the Abel-Plana formulas [38℄
as a renormalization presription:
∞∑
n=0
f(n)−
∫ ∞
0
dn · f(n) = 1
2
f(0) + i
∫ ∞
0
dn · f(+in)− f(−in)
exp(2πn)− 1 , (47)
∞∑
n=0
f(n+ 1
2
)−
∫ ∞
0
dn · f(n) = −i
∫ ∞
0
dn · f(+in)− f(−in)
exp(2πn) + 1
. (48)
The subtration of the integral on the left hand side orresponds to the subtration in the
rst line of Eq. (29). In the ase of untwisted elds we have
A :=
∞∑
n=−∞
m4(n) ln[m(n)]−
∫ ∞
−∞
dn ·m4(n) ln[m(n)],
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where m(n) =
√
k2n2 +M2 and k := 2π/R, and with the rst Abel-Plana formula (47) we
rewrite this dierene:
A = 2i
∫ ∞
0
dn
m4(+in) ln[m(+in)]−m4(−in) ln[m(−in)]
exp(2πn)− 1 .
Assuming k, n,M ≥ 0, we must onsider two ases for the root m(±in):
[
k2(±in)2 +M2] 12 =
{
(M2 − k2n2) 12 for M > kn,
±i(k2n2 −M2) 12 for M < kn.
For a > 0 we an write the logarithm as ln(±i · a) = ±iπ/2 + ln a, and with x := M/k we
obtain the result
A(M) = −2πk4
∫ ∞
x
dn
(n2 − x2)2
exp(2πn)− 1 , (49)
whih has, in the massless ase (x = 0), the value
A = −2πk4 3
4π5
· ζ(5) = −8R−43ζ(5).
For twisted elds we have to use the seond Abel-Plana formula (48). Analogously, we
write
B(M) = −2i
∫ ∞
0
dn
m4(+in) ln[m(+in)]−m4(−in) ln[m(−in)]
exp(2πn) + 1
,
using m(n) =
√
k2n2 +M2, and not m(n) =
√
k2(n+ 1
2
)2 +M2. Thus, the result beomes
B(M) = +2πk4
∫ ∞
x
dn
(n2 − x2)2
exp(2πn) + 1
, (50)
where the value for massless elds (x = 0) is
B = +2πk4
45
64π5
· ζ(5) = 15
2
R−43ζ(5).
For large masses (x ≫ 1), approximate expressions for A(M) and B(M) an be given by
negleting the 1 in the denominator of the Eqs. (49) and (50):∫ ∞
x
dn
(n2 − x2)2
exp(2πn)± 1
x≫1∼
∫ ∞
x
dn
(n2 − x2)2
exp(2πn)
=
4π2x2 + 6πx+ 3
4π5
e−2πx.
This shows the (approximately) exponential suppression of the Casimir energy by the eld
mass M = xk. Using Eqs. (29) and (49) the eetive energy density ρ4 = Rρ for untwisted
salar elds is given by
ρ4 =
1
8(2π)2
· A(M) M=0= −1 · (2π)−2R−43ζ(5), (51)
and with Eq. (50) we obtain the result for the twisted elds:
ρ4 =
1
8(2π)2
· B(M) M=0= +15
16
· (2π)−2R−43ζ(5). (52)
The energy densities for Dira fermions are just (−4) times the values for the real salars.
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6 Summary and Conlusions
In this paper, we have shown a way how to alulate nite zero-point energies of 4D quantum
elds whih have a higher-dimensional orrespondene in deonstrution. In partiular, we
onstruted a 4D U(1)N model whih mimis a lattiized large extra dimension with lattie
spaings a in the sub-mm range. The vauum energy of the fermions in our model gives rise
to a small and positive ontribution ρ ∼ (Na)−4 ∼ (10−3 eV)4 to the osmologial onstant
in agreement with reent observations. The negative ontributions of the salars and gauge
bosons, on the other hand, are exponentially suppressed by large kink masses. Here, we used
the orrespondene between the 4D zero-point energies and the unrenormalized Casimir
energy of 5D quantum elds in a geometri transverse lattie spae-time. With inverse
lattie spaings in the sub-eV range, our mehanism allows to dynamially generate a large
ompatied extra dimension with only a small number of lattie sites. This is ahieved by
giving the link elds a large mass of the order 108GeV and a bulk salar with kink mass in
the eletroweak range. Alternatively, this salar an also be interpreted as a link variable in
a spae whih is topologially a disk. The Casimir eet on the transverse lattie has been
investigated for salar and fermion elds in more detail, thereby taking into aount twisted
and untwisted eld ongurations whih arise in multiply onneted spae-times. For the
fermions, we observed an odd-even artefat in the Casimir energy whih disappears when
taking the energy sum of twisted and untwisted fermioni elds. Moreover, due to the naive
disretization proedure, we also enountered the eet of fermion doubling, whih has been
removed by the usual Wilson modiation of the fermioni kineti terms. Furthermore, the
suppression of the Casimir eet by a kink mass has been shown for elds on the lattie and
in the ontinuum. Although, this has been utilized only to neglet unwanted ontributions
to the vauum energy, it ould also be used to generate tiny energy values for quantum
elds in small extra dimensions. The ombination of methods and mehanisms employed
in this work may be generalized for other purposes, and a deeper disussion of vauum
energy in non-trivial topologies poses a task in the future.
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A Minimization of the Potential
We will minimize the salar potential V in Eq. (1) by going to the real basis in Eq. (2). In
this parameterization, the term µΦi−1QiΦ
†
i in Eq. (1) reads
µΦi−1QiΦ
†
i = µ
[
φai−1q
a
i φ
a
i − φbi−1qbiφai + φbi−1qai φbi + φai−1qbiφbi
+i(φbi−1q
a
i φ
a
i + φ
a
i−1q
b
iφ
a
i − φai−1qai φbi + φbi−1qbiφbi)
]
. (53)
Also, the term λ6(QiQi+1)(ΦiΦ
†
i+2) in Eq. (1) is given by
λ6(QiQi+1)(ΦiΦ
†
i+2) = λ6
[
(qai q
a
i+1 − qbi qbi+1)(φai φai+2 + φbiφbi+2)
−(qbi qai+1 + qai qbi+1)(φbiφai+2 − φaiφbi+2)
]
+iλ6
[
(qai q
a
i+1 − qbi qbi+1)(φbiφai+2 − φai φbi+2)
+(qbi q
a
i+1 + q
a
i q
b
i+1)(φ
a
iφ
a
i+2 + φ
b
iφ
b
i+2)
]
. (54)
Then, the salar potential in Eq. (1) an be written as
V =
N∑
i=1
{
m2
[
(φai )
2 + (φbi)
2
]
+M2
[
(qai )
2 + (qbi )
2
]
+
1
2
λ1
[
(φai )
2 + (φbi)
2
]2
+
1
2
λ2
[
(qai )
2 + (qbi )
2
]2
+ λ3
[
(φai )
2 + (φbi)
2
] [ N∑
j=1
(qaj )
2 + (qbj)
2
]
+λ4
[
(φai )
2 + (φbi)
2
] [∑
j 6=i
(φaj )
2 + (φbj)
2
]
+λ5
[
(qai )
2 + (qbi )
2
] [∑
j 6=i
(qaj )
2 + (qbj)
2
]
+µ
[
φai−1q
a
i φ
a
i − φbi−1qbiφai + φbi−1qai φbi + φai−1qbiφbi
]
+µ
[
φai q
a
i+1φ
a
i+1 − φbiqbi+1φai+1 + φbiqai+1φbi+1 + φai qbi+1φbi+1
]
+
1
2
λ6
[
(qai−2q
a
i−1 − qbi−2qbi−1)(φai−2φai + φbi−2φbi)
−(qbi−2qai−1 + qai−2qbi−1)(φbi−2φai − φai−2φbi)
]
+
1
2
λ6
[
(qai−1q
a
i − qbi−1qbi )(φai−1φai+1 + φbi−1φbi+1)
−(qbi−1qai + qai−1qbi )(φbi−1φai+1 − φai−1φbi+1)
]
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+
1
2
λ6
[
(qai q
a
i+1 − qbi qbi+1)(φaiφai+2 + φbiφbi+2)
−(qbi qai+1 + qai qbi+1)(φbiφai+2 − φai φbi+2)
]
+
1
2
λ6
[
(qai+1q
a
i+2 − qbi+1qbi+2)(φai+1φai+3 + φbi+1φbi+3)
−(qbi+1qai+2 + qai+1qbi+2)(φbi+1φai+3 − φai+1φbi+3)
]}
, (55)
where we have symmetrially reorganized the sum, suh that all operators arrying the
index i are expliitly displayed13. We are interested in a minimum of V with a vauum
struture as given in Eq. (3), i.e., all link variables Qi have a real universal VEV u and all
elds Φi have a real universal VEV v. From Eq. (55) we obtain
∂V
∂φai
= 2m2φai + 2λ1
[
(φai )
2 + (φbi)
2
]
φai
+2λ3φ
a
i
[
N∑
j=1
(qaj )
2 + (qbj)
2
]
+ 2λ4φ
a
i
[∑
j 6=i
(φaj )
2 + (φbj)
2
]
+µ[φai−1q
a
i − φbi−1qbi ] + µ
[
qai+1φ
a
i+1 + q
b
i+1φ
b
i+1
]
+
1
2
λ6
[
(qai−2q
a
i−1 − qbi−2qbi−1)φai−2 − (qbi−2qai−1 + qai−2qbi−1)φbi−2
]
+
1
2
λ6
[
(qai q
a
i+1 − qbi qbi+1)φai+2 + (qbi qai+1 + qai qbi+1)φbi+2
]
, (56)
∂V
∂φbi
= 2m2φbi + 2λ1
[
(φai )
2 + (φbi)
2
]
φbi
+2λ3φ
b
i
[
N∑
j=1
(qaj )
2 + (qbj)
2
]
+ 2λ4φ
b
i
[∑
j 6=i
(φaj )
2 + (φbj)
2
]
+µ[φbi−1q
a
i + φ
a
i−1q
b
i ] + µ
[−qbi+1φai+1 + qai+1φbi+1]
+
1
2
λ6
[
(qai−2q
a
i−1 − qbi−2qbi−1)φbi−2 + (qbi−2qai−1 + qai−2qbi−1)φai−2
]
+
1
2
λ6
[
(qai q
a
i+1 − qbi qbi+1)φbi+2 − (qbi qai+1 + qai qbi+1)φai+2
]
, (57)
whih gives for the VEVs in Eq. (3) the minimization ondition
m2 + [λ1 + (N − 1)λ4] v2 + (Nλ3 + 1
2
λ6)u
2 + µu = 0,
13
To avoid double-ounting, the oeients µ and λ6 have been given pre-fators
1
2
and
1
4
, respetively.
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and 〈∂V/∂φbi〉 = 0 is automati for these VEVs. The partial derivatives for the link elds
Qi are
∂V
∂qai
= 2M2qai + 2λ2
[
(qai )
2 + (qbi )
2
]
qai + 2λ3q
a
i
[
N∑
j=1
(φaj )
2 + (φbj)
2
]
+µ(φai−1φ
a
i + φ
b
i−1φ
b
i) + 2λ5q
a
i
[∑
j 6=i
(qaj )
2 + (qbj)
2
]
+
1
2
λ6
[
qai−1(φ
a
i−1φ
a
i+1 + φ
b
i−1φ
b
i+1)− qbi−1
(
φbi−1φ
a
i+1 − φai−1φbi+1
)]
+
1
2
λ6
[
qai+1(φ
a
iφ
a
i+2 + φ
b
iφ
b
i+2)− qbi+1
(
φbiφ
a
i+2 − φai φbi+2
)]
, (58)
and
∂V
∂qbi
= 2M2qbi + 2λ2
[
(qai )
2 + (qbi )
2
]
qbi + 2λ3q
b
i
[
N∑
j=1
(φaj )
2 + (φbj)
2
]
+µ(−φbi−1φai + φai−1φbi) + 2λ5qbi
[∑
j 6=i
(qaj )
2 + (qbj)
2
]
+
1
2
λ6
[−qbi−1(φai−1φai+1 + φbi−1φbi+1)− qai−1 (φbi−1φai+1 − φai−1φbi+1)]
+
1
2
λ6
[−qbi+1(φaiφai+2 + φbiφbi+2)− qai+1 (φbiφai+2 − φai φbi+2)] , (59)
whih leads for the VEVs in Eq. (3) to the minimization ondition
u
[
M2 + (λ2 + (N − 1)λ5)u2 + (Nλ3 + 1
2
λ6)v
2
]
+
1
2
µv2 = 0,
and 〈∂V/∂qbi 〉 = 0 is again satised for these VEVs.
B Energy density and pressure of the quantized salar
eld
In Se. 3.1, we have introdued a real 5D bulk-salar φ propagating in aM×S1
lat
manifold.
To normalize the eld modes in Eq. (15), we dene the following salar produt for two
modes φ1,2(~p, n) by
(φ1, φ2) := i
∫
d3x a
N∑
j=1
(
φ†1(∂tφ2)− (∂tφ1)†φ2
)
,
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so that the normalization fator A an be xed by demanding the orthonormality relation
(φ(~p, n), φ(~p ′, n′)) = −V −13 δ(3)(~p− ~p ′)δnn′,
where V3 is an arbitrary 3-volume fator, whih leaves the salar produt dimensionless.
With the Ansatz in Eq. (15), we nd
A†A =
1
2ω(2π)3V3R
, (60)
where we have applied the relations∫
d3x · exp(i~x(~p− ~p ′)) = (2π)3δ(3)(~p− ~p ′) and
N∑
j=1
exp
(
2πi
n− n′
N
j
)
= Nδnn′ .
Now, the 00-omponent Tˆ00 and the averaged ii-omponents
1
3
∑3
i=1 Tˆii of the energy-
momentum operator TˆAB follow from substituting the eld operator φˆ in Eq. (22) into
Eqs. (20) and (21). Here, it is useful to onsider the relations
(∂0φˆ)
†(∂0φˆ) = V
2
3
∫
d3p
∫
d3p′
N∑
n,n′=1
[
∂0φ(~p, n)a~p,n · ∂0φ(~p ′, n′)†a†~p ′,n′ + · · ·
]
= V3
∫
d3p
N∑
n=1
A†A · ω2 + · · ·
(∂bφˆ)
†(∂bφˆ) = V3
∫
d3p
N∑
n=1
A†A · p2b + · · · ∀ b = 1, 2, 3
(∂5φˆ)
†(∂5φˆ) = V3
∫
d3p
N∑
n=1
A†A · 2a−2(1− cos qa) + · · · , (61)
where the ellipses (· · · ) denote the terms whih vanish in the VEVs 〈0| TˆAB |0〉 due to 〈0| a† =
a |0〉 = 0. When we insert the terms in Eqs. (61) into Eqs. (20) and (21), one obtains, after
taking the VEVs of Tˆ00 and Tˆii, the energy density ρ5 and the pressure p5 of the quantized
eld φ,
ρ5 = 〈0| Tˆ00 |0〉 = V3
∫
d
3p
N∑
n=1
A†A ·
[
1
2
ω2 +
1
2
~p 2 +
1
2
· 2a−2(1− cos qa) + 1
2
M2
s
]
= V3
∫
d
3p
N∑
n=1
A†A · ω2,
p5 =
1
3
3∑
i=1
〈0| Tˆii |0〉 = V3
∫
d
3p
N∑
n=1
A†A ·
[
1
3
~p 2 +
1
2
ω2 − 1
2
~p 2 − 1
2
2a−2(1− cos qa)− 1
2
M2
s
]
= V3
∫
d
3p
N∑
n=1
A†A · ~p
2
3ω
,
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where we have used the energy-momentum relation ω2 = ~p 2+2a−2(1− cos qa)+M2
s
. With
the normalization fator A in Eq. (60) we nally arrive at the Eqs. (23) and (24).
C Renormalization
To gain the nite and unambiguous Casimir energy density, it is neessary to ompare the
disrete mode sums belonging to the momenta in S1
lat
with the energy density and pressure
of a eld in a spae-time with a non-ompatied extra dimension. Regarding Eqs. (23)
and (25), the mode sum with respet to the 5th momentum oordinate q = 2πn/(aN) is
of the type
N∑
n=1
f(n/N),
where f(n/N) summarizes the terms in the last line of Eq. (25). From this sum, the mode
integral orresponding to a non-ompatied R1-dimension an be obtained by utting out
a setion of length R of an R1-dimension. This means, that we take the limit of an innite
number M of lattie sites, M →∞, while keeping the spaing a onstant:
R
Ma
M∑
n=1
f
( n
M
)∣∣∣∣∣
M→∞
=
R
a
[
M∑
n=1
∆n
M
f
( n
M
)]
M→∞
s:=n/M
= N ·
∫ 1
0
ds · f(s),
where Ma beomes the innite length of R1 and f(s) is the same funtion as in the S1
lat
mode sum. In the last equation, we have substituted s := n/M and inserted ∆n = 1 so
that ds = ∆n/M for M → ∞. Both the sum and the integral are nite sine the lattie
introdues an UV uto. Then the renormalization is performed by subtrating the integral
from the sum,
N∑
n=1
f
( n
N
)
−N ·
∫ 1
0
ds · f(s) =
N∑
n=1
m4 lnm−N ·
∫ 1
0
ds ·m4 lnm, (62)
where only m4 lnm survives sine all other terms
1
2
d−4 +
1
4
m2d−2 +
1
8
m4
(
1
4
+
1
2
γ − ln 2 + ln(d)
)
+O(d6m6)
of Eq. (25) either vanish when the regularization is removed for d → 0 or are ompletely
subtrated due to the following identities:
N∑
n=1
(1− cos 2π n
N
+ 1
2
a2M2
s
) = N ·
∫ 1
0
ds · (1− cos 2πs+ 1
2
a2M2
s
) = N(1 + 1
2
a2M2
s
), (63)
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N∑
n=1
(1−cos 2π n
N
+ 1
2
a2M2
s
)2 = N ·
∫ 1
0
ds ·(1−cos 2πs+ 1
2
a2M2
s
)2 = N(3
2
+a2M2
s
+(1
2
a2M2
s
)2).
(64)
This is also the ase for twisted elds, where n is replaed by n− 1
2
.
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